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ABSTRACT
Change detection methods for multi- and hypervariate data aim at identifying differences in data acquired over the
same area at different points in time. In this contribution a regularized, iterative extension to the multivariate alteration
detection (MAD) transformation for change detection is sketched and applied. The MAD transformation is based on
canonical correlation analysis (CCA), which is an established technique in multivariate statistics. The extension in an
iterative scheme seeks to establish an increasingly better background of no-change against which to detect change.
This is done by putting higher weights on observations of no-change in the calculation of the statistics for the CCA.
The differences found may be due to noise or differences in (atmospheric etc.) conditions at the two acquisition
time points. To prevent a change detection method from detecting uninteresting change due to noise or arbitrary
spurious differences the application of regularization, also known as penalization, and other types of robustification
of the change detection method may be important especially when applied to hyperspectral data. Among other things
results show that the new iterated scheme gives a better no-change background against which to detect change than
the original MAD method, and that the IR-MAD method and its regularized version depict the change detected in
less noisy components.
Keywords: canonical correlation analysis, CCA; iteratively reweighted multivariate alteration detection, IR-MAD;
orthogonal transformations; regularization or penalization.
1 INTRODUCTION
This paper deals with construction of more general difference images than simple band-wise differences in multi- and
hypervariate change detection. This is done via a regularized or penalized, iterated version [12] of the canonical corre-
lation analysis (CCA) [1], [6], [10] based multivariate alteration detection (MAD) method [15] that could, moreover,
be combined with an expectation-maximization (EM) based method for determining thresholds for differentiating
between change and no-change in the difference images, and for estimating the variance-covariance structure of the
no-change observations [2], [3], [7]. This can be used to establish a single change/no-change image based on the
generalized multivariate difference images. The resulting imagery from MAD based change detection is invariant
to linear and affine transformations of the input including, e.g., affine corrections to normalize data between the
two acquisition time points. This is an enormous advantage over other multivariate change detection methods. The
resulting single change/no-change image can be used to establish both change regions and to extract observations
with which a fully automated orthogonal regression analysis based normalization of the multivariate data between
the two points in time can be developed [4].
Results (not shown here) from partly simulated multivariate data indicate an improved performance of the iterated
scheme over the original MAD method [12]. Also, a few comparisons with established methods for calculation of
robust statistics for the CCA indicate that the scheme suggested here performs better [12], [22].
Regularization or penalization issues typically important in connection with the analysis of hyperspectral data are
dealt with in [13], [16]–[18], [20], [21] and described here also. Among many other things [18] describes CCA in
a functional setting.
This paper focuses on mathematical/statistical methodology development in multi- and hyperspectral remote sensing
change detection and not on thorough scrutiny of actual change on the ground including analysis of in-situ data.
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2 THE MAD TRANSFORMATION
Simple band-wise differences for change detection make sense only when the data are calibrated or at least when
the data at the two points in time are normalized to a common zero and scale.
The so-called MAD variates consist of differences (in reverse order) between pairs of canonical variates from a
canonical correlation analysis, CCA. Based on N observations (pixels) of geometrically co-registered p × 1 zero
mean data X from one point in time and q × 1 zero mean data Y from another point in time (p ≥ q), CCA
establishes new mutually orthogonal variables, aTX and bTY termed canonical variates, CVs, with unit variance
and with maximum correlation termed the canonical correlation, ρ = Corr{aTX, bTY } ≥ 0. The canonical variates
can be found by solving the generalized eigenvalue problem[
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Σ11 is the p× p variance-covariance matrix of X , Σ22 is the q × q variance-covariance matrix of Y and Σ12 is the
p× q covariance matrix between the two, Σ21 = ΣT12. The quantity a is the p× 1 eigenvector containing the weights
with which to multiply X from the one point in time and b is the q × 1 eigenvector containing the weights with
which to multiply Y from the other point in time. A (perhaps) more well-known formulation of the CCA problem
is given by the coupled eigenvalue problems
Σ12Σ−122 Σ21 a = ρ
2Σ11 a (3)
Σ21Σ−111 Σ12 b = ρ
2Σ22 b. (4)
To do change detection we form the canonical variates Ui = aTi X and Vi = bTi Y , i = 1, . . . , p, and the MAD change
detector as the difference Zi = Ui − Vi between them (Vi = 0 for i > q). The MAD variates Zi are orthogonal
and have variances 2(1− ρi), hence the reverse ordering which maximizes variance in the low order MAD variates
which are the differences between the high order canonical variates with low canonical correlations ρ.
2.1 Iteratively reweighted MAD, IR-MAD
Ideally, the sum of squared standardized MAD variates will follow a χ2 distribution with p degrees of freedom [12],
i.e., we have approximately
p∑
i=1
(
Zi
σZi
)2
∈ χ2(p) (5)
where σZi ideally is the standard deviation of the no-change observations. These can be found by methods proposed
in [2], [3], [7].
In the iteratively reweighted (IR) MAD method [12] we put increasing weight on observations that exhibit little
change over time. For the statistics calculations we weight observation j in the next iteration by wj which is a
measure of no-change, namely the probability of finding a greater value of the χ2 value in Equation 5
wj = P
{
>
p∑
i=1
(
Zi
σZi
)2}
j
' P{> χ2(p)}j . (6)
This establishes a better background of no-change against which to detect change. Iterations stop when ρ stops
changing (substantially).
Since the (IR-)MAD transformation is based on CCA the (IR-)MAD variates, like the canonical variates, are invariant
to affine (and linear) transformations to the original data including linear and affine radiometric normalization or
calibration. This makes them good generalized multivariate differences between all variables at the two time points
of acquisition.
2.2 Regularization, CCA and (IR-)MAD
In ordinary least squares (OLS) regression [19]
y = Xθ + e (7)
where y is the N ×1 response variable, X is N ×p with one column for each of p regressors or input variables, and
θ is the p×1 parameter vector, N is the number of observations, we solve for the parameter vector θ by minimizing
1
2e
T e, i.e., we minimize (half) the sum of the squared differences between the data and the model. This leads to the
so-called normal equations
(XTX) θˆ = XT y (8)
or (formally) θˆ = (XTX)−1XT y. To avoid possible (near) singularity problems in XTX we may minimize 12 (eT e+
k θT θ) instead, i.e., we minimize (half) the sum of the squared differences between the data and the model, and
the size or the length of the parameter vector θ; the scalar k ≥ 0 controls how much weight we want to put on
penalizing the size of θ. This leads to new normal equations
(XTX + k I) θˆ = XT y (9)
where I is the p× p unit matrix. Note that XTX is proportional to the variance-covariance matrix of the regressors.
To ensure the same influence of the regularization on all regressors it is customary to normalize the input variables
to zero mean and unit variance. We see that by solving Equation 9 instead of Equation 8 we punish or penalize high
values of the elements of θ. In other words with increasing k the elements of θ tend to become closer to zero. k
can be chosen subjectively or estimated from the data by cross-validation. This type of regression is termed ridge
regression [9].
More generally, we may penalize other characteristics of θ than size by minimizing 12 [e
T e+ k (Lθ)T (Lθ)] where L
is some matrix. This leads to
(XTX + kΩ) θˆ = XT y (10)
with Ω = LTL. In the above simple case we have Ω = I (= L = L0 = LT0 L0).
Say instead we wanted to force all elements of θ to be equal. This can be done by setting L1θ = 0 where L1 is
(p− 1)× p with
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i.e., θ1 = θ2, θ2 = θ3, . . . , θp−1 = θp or θ1 = θ2 = · · · = θp.
Rather than forcing the elements of θ to be equal we may want to penalize curvature in the elements of θ. For this to
make sense some ordering of the elements of θ is assumed; in remote sensing this ordering could be by wavelength
of the spectral bands. The desired minimum curvature can be achieved by using the usual discrete approximation to
the second order derivative and setting L2θ = 0 where L2 is (p− 2)× p with
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which is penta-diagonal.
Of course we can combine these different ways of penalizing the elements of θ to obtain a desired structure or
desired characteristic of the solution by setting
Ω = w0LT0 L0 + w1L
T
1 L1 + w2L
T
2 L2 + · · · (15)
where wi are weights.
If we wish to apply regularization to CCA we could solve[
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]
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where λ1 ≥ 0 and λ2 ≥ 0 determine the amount of regularization and Ω is designed to penalize or minimize, e.g.,
size, slope or curvature in a and b considered as functions of wavelength [13], [14], [16], [18]. Again, to ensure the
same influence of the regularization on all the variables it is customary to normalize them to zero mean and unit
variance. If X and Y are the same type of data as in our case we often set λ1 = λ2 = λ. We can either choose λ
subjectively or determine it by cross-validation on the leading (i.e., the first) canonical variates only [18].
Alternatively, regularization can be based on exploitation of the affine transformation invariance of the MAD method.
The data at the two points in time can be orthogonally transformed separately to reduce redundancy and dimensionality
(for example by means of principal component [1], maximum autocorrelation factor [8] or independent component
analysis [11]) before change detection by both the original and the iterated MAD methods [12], [17].
Both types of regularization can be applied to multispectral as well as hyperspectral data. For hyperspectral data
regularization might be crucial due to problems with (near) singular or ill-conditioned variance-covariance matrices.
3. CASE STUDY
To illustrate the techniques we use 44 channels of 400 rows by 270 columns 5 m pixels HyMap [5] data covering a
small agricultural area near Lake Waging-Taching in Bavaria, Germany. We have chosen bands 19 to 62 covering the
wavelength region from 0.707 to 1.340 µm with approximately 15 nm spacing. Figure 1 shows HyMap bands 62,
40 and 19 at 30 June 2003 8:43 UTC and 4 August 2003 10:23 UTC as RGB images. In [3] Landsat TM data are
subjected to this type of analysis followed by unsupervised classification into no-change and several change clusters.
Figure 2 shows the canonical correlations for the IR-MAD method over the seven iterations needed to stabilize the
correlations to within 0.01 for no regularization and regularization with λ1 = λ2 = λ = 0.1. The regularization
applied penalizes curvature, i.e., the second order derivative, of the weights in the CCA considered as functions
of wavelength. Figure 3 shows the weights obtained by the IR-MAD method for the leading (i.e., the first pair of)
canonical variates for no regularization and regularization with λ = 0.1. We see that with this heavy regularization we
obtain many canonical correlations close to zero. As expected we get much smoother weights (eigenvectors) which
facilitates interpretation. Also, we see that for the low order CVs the first iteration is most important and that most
correlations especially of lower order increase, corresponding to the gradual exclusion of the change observations from
the canonical correlation analysis. Most of the changes in ρ take place within 4-5 iterations. Here the standardization
to unit variance in Equation 5 is done by means of the standard deviations of all observations and not by means of
the ideal no-change observations standard deviations only. Less heavy regularization with λ = 0.01 or λ = 0.001
gives slightly more wiggly weight functions and very similar canonical correlations and IR-MAD variates.
Figure 4 shows variates 43, 42 and 41 for the MAD method, for the IR-MAD method, and for the regularized
IR-MAD method as RGB images. All variates are stretched linearly between the mean value (which is zero) minus
four standard deviations and the mean value plus four standard deviations.
Figure 5 shows MAD variates 44, 43, 42 and 41, Figure 6 shows IR-MAD variates 44, 43, 42 and 41, and Figure 7
shows regularized IR-MAD variates 44, 43, 42 and 41. Again, all stretches are ∓ four standard deviations. For all
methods, MAD variates 44, i.e., the difference between the leading CVs with maximum correlation, seem dominated
by changes associated with edges probably due to possible inaccuracies in geometric registration and different sun
angles (there are five weeks between acquisitions, the first is taken at 8:43 UTC and the second is taken at 10:23
UTC). Therefore they are left out of the RGB composites in Figure 4. The average of the autocorrelations in the four
main directions in these images are shown in Table 1. The strong tendency towards higher autocorrelations underline
the better spatial togetherness of the change images of both the IR-MAD method and its regularized version over
the original MAD method. This is also quite conspicuous visually.
Table 1. Mean autocorrelations between neighbouring pixels for the high order original MADs, the IR-MADs and the regularized IR-MADs.
Orig. MAD IR-MAD Reg. IR-MAD
MAD 44 0.43 0.40 0.50
MAD 43 0.50 0.49 0.66
MAD 42 0.32 0.49 0.61
MAD 41 0.38 0.50 0.69
Often maximum autocorrelation factors (MAF) analysis [8] is used to post-process the MAD variates. The MAF
transformation enhances signal-to-noise in the resulting low order components by maximizing spatial autocorrelation
in the change observations. For space limitation reasons this is not shown here.
In these change detection transformations, scores close to zero indicate no-change and scores far from zero, i.e.,
very high (positive) or very low (negative) scores indicate strong change. The same stretching is applied to all score
images. Therefore, the more extreme graytones in Figures 7 and 6 compared to Figure 5 and the more saturated
colours in Figures 4(c) and 4(b) compared to Figure 4(a) are results of more extreme scores. This shows that the IR-
MAD method and especially its regularized version are much better at differentiating between change and no-change
observations than the original MAD method. Also, as mentioned above, the IR-MAD method and its regularized
version produce less noisy change components, see Table 1.
4 CONCLUSIONS
Simple band-wise differencing (provided it makes sense to do the calculation at all) gives correlated difference
images ordered by wavelength. The (regularized) MAD and IR-MAD methods provide generalized orthogonal (“un-
correlated”) difference images ordered by similarity as measured by linear correlation. These generalized differences
are invariant to linear and affine transformations of the original variables which is an enormous advantage over the
simple differences.
Compared to the MAD method the IR-MAD method and its regularized version provide better backgrounds of no-
change against which to detect change resulting in a much greater difference between scores for change observations
and no-change observations for the IR-MAD methods. Also, (especially the higher order) IR-MAD variates are much
less noisy than the MAD variates, and the canonical correlations for the regularized IR-MAD method fall off to zero
much more rapidly than for both the MAD and the IR-MAD methods.
Regularization is useful and may even be necessary if the number of observations (pixels) is small relative to the
number of variables (spectral bands) or if we work with hyperspectral data.
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(a) 30 June 2003 8:43 UTC. (b) 4 August 2003 10:23 UTC.
Figure 1. HyMap bands 62, 40 and 19 as RGB.
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(a) No regularization.
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(b) Regularization, λ = 0.1.
Figure 2. Canonical correlations over seven iterations.
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(a) No regularization.
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(b) Regularization, λ = 0.1.
Figure 3. Weights for leading canonical variates.
(a) Original MAD. (b) IR-MAD. (c) Regularized IR-MAD, λ = 0.1.
Figure 4. MADs 43, 42 and 41 as RGB.
Figure 5. MADs 44, 43, 42 and 41.
Figure 6. IR-MADs 44, 43, 42 and 41.
Figure 7. Regularized IR-MADs 44, 43, 42 and 41, λ = 0.1.
